In this paper we prove several quantitative rigidity results for conformal immersions of surfaces in R n with bounded total curvature. We show that (branched) conformal immersions which are close in energy to either a round sphere, a conformal Clifford torus, an inverted catenoid, an inverted Enneper's minimal surface or an inverted Chen's minimal graph must be close to these surfaces in the W 2,2 -norm. Moreover, we apply these results to prove a corresponding rigidity result for complete, connected and non-compact surfaces.
Introduction.
A classical result in differential geometry is a version of Codazzi's theorem which states that every closed, connected and immersed surface Σ ⊂ R n with vanishing traceless second fundamental form • A ≡ 0 is isometric to a round sphere. Such a result is called a rigidity theorem, a curvature condition gives us a classification of the possible geometries. In this paper, we will be interested in quantitative rigidity results, which show that if we relax the conditions of a rigidity theorem, we show that instead of being isometric to a fixed object, we are close in a suitable norm. For surfaces in R 3 , Codazzi's theorem was improved by DeLellis-Müller where they showed the following quantitative rigidity result. 
where C is a universal constant.
The assumption • A 2 L 2 (Σ) ≤ 8π implies that Σ is topologically a sphere. A result of Jost [12] (see also Morrey [28] ) then yields the existence of a conformal parametrizationψ : S 2 → Σ. The major contribution of DeLellis-Müller was to show that there exists a conformal parametrization satisfying (1.1). An important ingredient in the proof were the analytical results of Müller-Šverák [29] for surfaces with finite total curvature. We remark that DeLellis-Müller used the Codazzi-Mainardi equations and this is one instance were the smoothness of the surface was necessary. Finally, we mention that DeLellis-Müller [5] extended their analysis to show that the conformal factor of the pull-back metric by Ψ of Σ is L ∞ -close to 1. Moreover, higher dimensional subcritical variants of the Theorem 1.1 have recently been obtained in [36] .
Applications of the Theorem 1.1 include the construction of foliations of asymptotically flat and hyperbolic manifolds by surfaces of constant or prescribed mean curvature [27, 32] and by surfaces of Willmore type [21] . See also [19, 20] where the above theorem has been used in order to construct and locate minimizers of the Willmore functional with small area in closed Riemannian 3-manifolds.
Recently, interesting intrinsic stability results have been obtained in [6, 8, 9] . Other examples of very important stability results include the harmonic approximation lemma [41] and the geometric rigidity result of [7] .
We note that for immersions f : Σ → R n the Willmore functional is defined by
Using the Gauss equations
and the Gauss-Bonnet theorem, we can rewrite the Willmore functional as follows
where χ(Σ) denotes the Euler characteristic of Σ.
Hence, in the case χ(Σ) = 2, the assumption • A 2 L 2 (Σ) ≤ 8π is equivalent to the fact that W(f ) ≤ 8π or Σ |A| 2 dμ g ≤ 24π.
In this paper, we will extend Theorem 1.1 to non-smooth surfaces in higher codimensions. In order to do this we work in the class W 2,2 conf of conformal immersions of a surface. Roughly speaking these are W 2,2 immersions f : Σ → R n for which the pullback metric in local conformal coordinates is conformal to the Euclidean metric with a conformal factor which belongs to L ∞ . Our first main result is the following: THEOREM 1.2. There exists δ 0 > 0 such that for every 0 < δ < δ 0 and every immersion f ∈ W 2,2 conf (S 2 , R n ) with conformal factor u, satisfying S 2 |A| 2 dμ ≤ 8π +δ, there exists a constant C(δ), with C(δ) → 0 as δ → 0, and a standard immersion f round ∈ W 2,2 conf (S 2 , R n ) of a round sphere such that f − f round W 2,2 u (S 2 ,R n ) ≤ C(δ). (1.4) For the definition of the norm W 2,2 u (S 2 , R n ) we refer the reader to (3.1) . We also refer the reader to Remark 4.1 where we compare the assumptions and results of Theorem 1.1 and Theorem 1.2. Note that Σ |A| 2 dμ ≥ 8π for all immersions of a closed surface and equality holds if and only if Σ is a round sphere.
Contrary to the proof of Theorem 1.1, we argue by contradiction in order to show (1.4) . Therefore, we are naturally led to studying sequences of conformal immersions of the sphere with uniformly bounded total curvature. In a recent paper Kuwert-Li [15] (and independently Rivière [37] ) showed that such a sequence converges weakly (modulo the composition with suitably chosen Möbius transformations) in W 2,2 loc away from an at most finite set of points to a branched conformal immersion (see Section 2 for a definition of branched conformal immersions). In order to prove Theorem 1.2 we show that in our situation this convergence can be improved to everywhere strong convergence in W 2,2 . The limit is shown to be a standard smooth immersion of a round sphere which gives the desired contradiction.
Note that after this paper had been finished, the first author and Schätzle extended the results of DeLellis and Müller to arbitrary codimensions, see [22] .
To summarize, the main ingredients in the proof are convergence results for sequences of (branched) conformal immersions, an understanding of the possible singular set of the limit (in the above situation the singular set is empty) together with a classification result for the limiting (branched) conformal immersion.
This method is flexible and has applications to several other problems. In particular, assuming the validity of the generalized Willmore conjecture, we show a rigidity result for minimizers of the Willmore energy of arbitrary genus in R n (see Theorem 4.2) . In particular, we show a rigidity result for the Clifford torus in R 3 within its own conformal class.
We extend the method to handle conformal immersions of the sphere in R 3 with either exactly one point of multiplicity two and two preimage points or exactly one branch point of branch order two. Using an inversion formula for the Willmore energy derived in [33] (see also Theorem 2.3), we can show that |A| 2 dμ of these surfaces is always bigger than or equal to 24π, respectively 32π and by a classification result of Osserman [35] the infimum is attained by an inversion of the catenoid respectively an inversion of Enneper's minimal surface. More precisely, we prove the following two theorems, firstly for multiplicity two points we have:
And for a branch point of multiplicity three: THEOREM 1.4. There exists δ Enn = δ 0 > 0 such that for every 0 < δ < δ 0 and every immersion f ∈ W 2,2 conf,br (S 2 , R 3 ) with conformal factor u where f has exactly one branch point p ∈ S 2 of branch order m(p) = 2, and which satisfies 32π ≤ S 2 |A| 2 dμ ≤ 32π + δ then there exists a Möbius transformation σ : R n → R n , a reparametrization φ :
In higher codimensions we show a similar quantitative rigidity result for conformal immersions of the sphere with exactly one branch point of branch order one and Willmore energy close to the Willmore energy of an inversion of Chen's minimal graph (see Theorem 4.4 for details).
Finally, in Section 5, we combine the rigidity theorems in order to prove a quantitative rigidity result for complete surfaces with finite total curvature. Müller-Sverák [29] showed that all complete, connected and non-compact surfaces in R n with Σ |A| 2 dμ < 8π for n = 3 and Σ |A| 2 dμ ≤ 4π for n ≥ 4, are embedded. This was extended by the second author in [33] were it was shown that if one allows the inequality Σ |A| 2 dμ ≤ 8π for n = 3, then the surface is either embedded and conformal to the plane or isometric to a catenoid or Enneper's minimal surface. Then either Σ is embedded and conformal to the plane or isometric to a catenoid or not embedded and Σ is Enneper's minimal surface.
Assuming n ≥ 4 and
we have that Σ is embedded and is either conformal to a plane or isometric to Chen's minimal graph.
We show that if we assume for some small enough δ > 0 the energy bounds Σ |A| 2 dμ ≤ 8π + δ for n = 3, respectively Σ |A| 2 dμ ≤ 4π + δ for n ≥ 4, then Σ is either embedded and conformal to a plane, or, after an inversion and modulo a Möbius transformation and a reparametrization, the surface is W 2,2 close to an inverted catenoid or an inverted Enneper's minimal surface for n = 3, respectively an inverted Chen's minimal graph for n ≥ 4.
In the following we give a brief outline of the paper. In Section 2 we recall the definition of conformal and branched conformal immersions. Moreover we restate an inversion formula for surfaces with branch points and ends and we mention various classification results for minimal surfaces which we need later on.
In Section 3 we collect a series of convergence results for branched conformal immersions. These results are partial extensions of earlier results of Hélein [10] and Kuwert-Li [15] however we obtain new strong convergence results under the assumption of no energy loss.
In Section 4 we prove Theorems 1.2-1.4 and the above mentioned rigidity result for higher genus minimizers of W and inversions of Chen's minimal graph.
In Section 5 we show the rigidity result for complete, connected and noncompact surfaces immersed in R n satisfying certain bounds on the total curvature. Acknowledgment. The authors thank Reiner Schätzle for pointing out a gap in a previous version of the paper.
Preliminaries.
is called a conformal immersion if in any local conformal coordinates (U, z), the metric g ij = ∂ i f, ∂ j f is given by
The set of all W 2,2 -conformal immersions of Σ is denoted W 2,2 conf (Σ, R n ).
For W 2,2 conformal immersions we have the weak Liouville equation,
This is shown to hold in [15] .
conf (Σ\S, R n ) for some discrete set S ⊂ Σ and if for each p ∈ S there exists a neighborhood Ω p such that in local conformal coordinates
Additionally, we either require that μ g (Ω p \{p}) < ∞ or that p is a complete end.
We denote the space of branched conformal immersions by W 2,2 conf,br (Σ, R n ).
We remark that suitable inversions send complete ends to finite area branch points and therefore we only consider finite area branch points in the rest of this paper.
Now we let f : Σ → R n be a branched conformal immersion and we let p ∈ Σ. We choose a punctured neighborhood of p which is conformally equivalent to D\{0} where D = {z ∈ R 2 | |z| < 1}. Thus f is a W 2,2 -conformal immersion from D\{0} to R n with D\{0} |A| 2 dμ + μ g (D\{0}) < ∞ and hence a result of Kuwert-Li [15] (see also Lemma A.4 in [38] ) shows the existence of a number m ∈ N 0 such that θ 2 (μ, 0) = m + 1, where
is the weight measure of the integral 2-varifold associated with f (see e.g. [16] ).
By another result of Kuwert-Li [15] we have for all z ∈ D\{0}
where ω ∈ C 0 ∩ W 1,2 ∩ W 2,1 (D) and δ 0 denotes the Dirac delta distribution at the origin.
Next we recall a generalized Gauss-Bonnet and inversion formula for general surfaces with branch points and ends. Special cases of this result have been obtained previously in [3, 15, 24, 29] . We denote by E = {a 1 ,... ,a b }, b ∈ N 0 , the complete ends with multiplicity k(a i ) + 1, 1 ≤ i ≤ b, and for each p ∈ Σ\E we denote by m(p) ∈ N 0 the number m from (2.1). For
|f −x 0 | 2 : Σ\f −1 (x 0 ) → R n and we denote bỹ Σ =f (Σ\f −1 (x 0 )) the image surface off . Then we have the formulas
Moreover, we will make use of the following theorem due to Osserman, where complete minimal surfaces with finite total curvature equal to 8π are classified. THEOREM 2.4. [35, Theorem 3.4 ] Let Σ ⊂ R 3 be a complete minimal surface with finite total curvature Σ |A| 2 dμ = 8π. Then Σ is either isometric to Enneper's minimal surface or a catenoid.
In higher codimension there are complete minimal surfaces with Σ |A| 2 dμ = 4π. By a result due to Chen [2] , these surfaces have been classified. In a paper by Hoffman-Osserman [11] , a representation in terms of an orthogonal complex structure was shown. THEOREM 2.5. ( [2, 11] Chen's Minimal Graph) Let Σ be a minimal surface in R n , n ≥ 4. Suppose that Σ is complete and that we have
Then Σ lies in a four dimensional subspace. Furthermore if we let (w, z) be coordinates in C 2 then Σ is the graph of the function
Surfaces corresponding to different values of c are not isometric and the surface, being the graph of a function, is embedded.
Convergence results.
In this section we derive various weak and strong convergence results for sequences of branched conformal immersions.
if on D\{0} f is a conformal immersion and if there exist conformal coordinates about 0 such that the induced metric is given by
We denote the set of all W 2,2 m-branched conformal immersions by
Note that 0-branched conformal immersions are in W 2,2 conf (D, R n ) and that for every branched conformal immersion f : Σ → R n and every point p ∈ Σ, there exists a number m ∈ N 0 such that in conformal coordinates in a small neighborhood around p the immersion is a m-branched conformal immersion by the discussions in Section 2.
In the case m = 0 the following theorem is due to Hélein [10] with γ n = 8π 3 and with the optimal constant it is due to Kuwert and Li [15] .
Assume also that we have uniformly bounded area μ g k (D) ≤ C and f k (0) = 0. Then f k is bounded in W 2,2 loc (D, R n ) and there is a subsequence such that one of the following two cases occurs:
(
Proof. We will follow the proof of Theorem 5.1 in [15] . By [29] we have that for every k ∈ N there exists a solution v k : C → R of the equation
Using the area bound we get
This gives us the estimate
Next note that the function
Hence u k − m log | · | is locally uniformly bounded from above, which implies that e 2u k = | · | 2m e 2h k +2v k is also locally uniformly bounded from above. Furthermore, as |∇f k (z)
Note that the equation is a priori only satisfied away from the branch point 0.
Over the branch point we can break the equation into components. Therefore any missing contribution must be due to Dirac delta distributions or their derivatives.
Therefore, by L 2 -theory, we see that f k is locally uniformly bounded in W 2,2 loc and converges weakly in
This shows that h k is locally bounded from above and below. Hence
where u := v + m log | · | and this implies that f is again a m-branched conformal immersion.
Hence, by the Harnack inequality together with the fact that C(γ, r) − h k ≥ 0 in Ω, we have that
away from the origin. As f k (0) = 0 we see that f k → 0 locally uniformly.
We will also need a global compactness result for sequences of branched conformal immersions. The following result is a minor modification of Proposition 4.1 in [15] . PROPOSITION 3.3 . Let Σ be a closed Riemann surface and let f k ∈ W 2,2 conf,br (Σ, R n ) be a sequence of branched conformal immersions with singular sets S k satisfying
Then for a subsequence there exists a sequence of Möbius transforms σ k : R n → R n and an at most finite set S such that
where f : Σ → R n is a branched conformal immersion with bounded total curvature.
Proof. Since f k ∈ W 2,2 (Σ, R n ) for every k ∈ N we can argue as in the proof of Proposition 4.1 in [15] and conclude that, after performing a suitable dilation, we get the estimate
Moreover, away from the possible energy concentration points and the limit of the sets of branch points S k , we also get uniform W 2,2 bounds for f k .
The rest of the argument is then identical (up to the fact that one also has to use Theorem 3.2) to the proof of Proposition 4.1 in [15] .
Remark 3.4. It follows from the proof of this Proposition that the Möbius transformations can either be chosen to be a composition of translations and dilations τ k or one has to use an additional inversion I x 0 at the boundary of the ball B 1 (x 0 ) for which we have that
Next we show how the previous two results can be combined in order to conclude that branch points are preserved under the above convergence results. THEOREM 3.5. Let f k : S 2 → R n be a sequence of branched conformal immersions with exactly one branch point p k ∈ S 2 of branch order m ∈ N and with uniformly bounded S 2 |A k | 2 dμ g k . Then there exists a sequence of Möbius transformations σ k : R n → R n , a sequence of reparametrizations φ k : S 2 → S 2 and a branched conformal immersion f : S 2 → R n with at least one branch point of branch order m and with bounded total curvature, so that
where p ∈ S is the singular set.
Proof. It follows from Proposition 3.3 that there exists a sequencef k := σ k •f k which converges in W 2,2 loc (S 2 \S, R n ) to a possibly branched conformal immersion f : S 2 → R n . Without loss of generality we can assume thatμ k (S 2 ) ≤ C. Now we have to consider two cases:
(1) p := lim k→∞ p k / ∈ S. In this case it follows from Theorem 3.2 that p is a branch point of f with branch order m.
(2) p ∈ S.
In this case we let 0 < τ < π and we choose local conformal coordinates for thef k around p ∈ S 2 . Without loss of generality we assume that these conformal coordinates contain the unit disk D and the point p corresponds to 0 ∈ D. Moreover we assume thatf k (0) = 0. Next we choose r k so that all disks D r k (z) have a minimal amount of energy, that is
By the assumption p ∈ S, we have that r k → 0 as k → ∞. Then let us consider the rescaling
Asũ k − m log | · | and u k − m log | · | differ only by a constant, and D |Ã k | 2 dμg k is scale and translation invariant this implies that
This shows that f k converges either locally weakly in W 2,2 (C\{0}, R n ) to a mbranched conformal immersion f : C → R n or f k collapses to a point. Note that we can not have energy concentration points for the sequence f k by our blow-up construction.
It is easy to check that
then we get that sup λ k < ∞. In particular this shows that the sequence f k cannot collapse to a point. Arguing as in the proof of Theorem 10 in [34] we see that f is complete and hence, after another inversion, it can be completed as a branched conformal immersion from S 2 into R n with at least one branch point of branch order m.
In the next proposition we show that if there is no loss of D |H| 2 dμ then the weak convergence in Theorem 3.2 becomes strong convergence. Note that similar results were also proved in Proposition 5.3 of [18] and in a remark after Proposition 6.1 in [39] .
Before stating this result we define for every
The reason why this norm arises naturally in the problem under consideration is its invariance under the composition of f with any Möbius transformation of R n . PROPOSITION 3.6. Let γ n be as above and let f k ∈ W 2,2 conf,m (D, R n ) be a sequence of m-branched conformal immersions with induced metrics (g k ) ij = e 2u k δ ij and assume that
Assume also that we have uniformly bounded area μ g k (D) ≤ C and f k (0) = 0 and let us assume that f k does not converge to a constant map. Let us furthermore assume that for a subsequence we have
Then there exists a m-branched conformal immersion f ∈ W 2,2 loc (D, R n ) such that for every K ⊂⊂ D we have
Proof. From Theorem 3.2 we get the existence of a m-branched conformal immersion f ∈ W 2,2 loc (D, R n ) so that f k f weakly in W 2,2 loc (D, R n ). We denote by u ∈ L ∞ loc (D) the pointwise a.e. limit of u k . In a first step we show that H k e u k converges weakly to He u in L 2 loc (D, R n ). In order to see this we note that e u k H k e u H in L 2 loc (D\{0}, R n ) since u k converges pointwise almost everywhere to u away from the origin. Furthermore the hypothesis implies that e u k H k is uniformly bounded in L 2 loc (D). Therefore, up to a subsequence, e u k H k weakly converges to some φ ∈ L 2 (D). Hence, we must have the measure convergence
where δ 0 denotes the Dirac delta distribution supported on {0}. Since φ and e u H are in L 2 loc (D, R n ) this is only possible for c = 0 and therefore e u k H k converges weakly to e u H in L 2 loc (D, R n ). Next we let K ⊂⊂ D and we conclude from the above
Hence H k e u k converges to He u strongly in L 2 loc (D, R n ). We note that the same argument implies that
As e u k L ∞ (K) ≤ C and e u k H k → e u H strongly in L 2 (K, R n ), the first term converges to 0 as k → ∞. Furthermore, the second term converges to zero by the dominated convergence theorem. Altogether this shows that H k e 2u k −→ He 2u strongly in L 2 loc (D). Finally, we recall that for conformal immersions f k and f we have
and standard elliptic theory and the Sobolev embedding theorem imply
Next we want to improve this result in order to get the desired convergence in the weighted norm. In order to do this, we first note that |f k − f |(z) ≤ C|z| m+1 for all z ∈ D (see for example the proof of Theorem 3.1 in [15] ). Hence we get for all K ⊂⊂ D by using the dominated convergence theorem
Moreover, using that e −u k Df k converges strongly in L 2 loc to e −u Df , we have for
It remains to show that the second derivatives converge to zero in the weighted norm. In order to do this we recall the formula
which is valid for any W 2,2 -conformal immersion. Using this expression and the strong L 2 loc (D)-convergence of e −u k A k,ij to e −u A ij , for every 1 ≤ i, j ≤ 2, we get for every K ⊂⊂ D
where we used the dominated convergence theorem and the above convergence result involving the Gauss curvatures. In particular we conclude that Du k converges to Du strongly in L 2 loc (D).
Finally, we also recall the formula
for every conformal immersion f . In particular, we conclude that e −u k D 2 f k and e −u D 2 f are uniformly bounded in L 2 loc (D) and as above this shows that e −u k D 2 f k converges strongly in L 2 loc (D) to e −u D 2 f . Similarly to the estimate for the first derivatives we then finish the proof by noting that
Quantitative rigidity results.

Quantitative rigidity for minimizers of W.
The first main result of this paper is the following theorem. THEOREM 1.2. There exists δ 0 > 0 such that for every 0 < δ < δ 0 and every immersion f ∈ W 2,2 conf (S 2 , R n ) with conformal factor u, satisfying S 2 |A| 2 dμ ≤ 8π +δ, there exists a constant C(δ), with C(δ) → 0 as δ → 0, and a standard immersion f round ∈ W 2,2 conf (S 2 , R n ) of a round sphere such that
Remark 4.1. In order to compare this result to Theorem 1.1 we first note that for every closed surface Σ and every immersion f ∈ W 2,2 ∩W 1,∞ (Σ, R n ) satisfying
we have that Σ is conformal to S 2 . Indeed, using (1.3) and the fact that W(f ) ≥ 4π for every immersion, we conclude that χ(Σ) > 1. This shows that Σ must be homeomorphic to S 2 . The result of Jost (see Theorem 3.1.1 in [12] ) yields the existence of a conformal parametrization h ∈ W 1,2 (S 2 , Σ). Finally, if f ∈ C ∞ (Σ, R n ) then h ∈ C ∞ (S 2 , Σ). In particular, we conclude that for every smooth immersion f ∈ C ∞ (Σ, R n ) of a closed Riemann surface Σ satisfying (4.2), there exists a smooth conformal parametrization h :
Moreover, we note that (1.3) implies that the bound S 2 |A| 2 dμ ≤ 8π + δ is equivalent to
Altogether, we conclude that Theorem 1.2 is an extension of Theorem 1.1 to arbitrary codimensions and non-smooth immersions.
Proof of Theorem 1.2. We prove this Theorem in two steps. First we show that under the assumptions of the Theorem, there exists a Möbius transformation σ : R n → R n possibly consisting of a translation, a dilation and an inversion I x 0 for some
where v is the conformal factor of the conformal immersion σ • f . We show this result by contradiction. Hence we assume that there exists a sequence δ k → 0 and a sequence of immersions f
for some number ε 0 > 0, for every standard round immersions f round of the round sphere and for all sequences of Möbius transformations σ k : R n → R n as described above.
It follows from (1.2) that
We can apply Proposition 3.3 in order to get the existence of an at most finite set S ⊂ S 2 and a sequence of Möbius transformationsσ k so thatf k :=σ k • f k converges weakly in W 2,2 loc (S 2 \S, R n ) to a map f ∈ W 2,2 conf,br (S 2 , R n ). Next we claim that S = / 0. We recall that S is defined by
where γ n is as in Theorem 3.2 and α is the limit of μ g k |A k | 2 as Radon measures. For a point p ∈ S and a small radius > 0 we then have that lim k→∞ B (p)
But this clearly contradicts the fact that
and hence we conclude that S = / 0. This implies that f ∈ W 2,2 conf (S 2 , R n ) with W(f ) = 4π. Inverting f (S 2 ) at any point on the surface gives a minimal surface with one end and |A| 2 dμ = 0 by (2.5), (2.6). Hence it must be a standard smooth immersion of the plane. Therefore f itself must be a standard smooth immersion of a round sphere. Finally, we show thatf k converges strongly to f in the weighted norm W 2,2 v k (S 2 , R n ). In order to do this, we let B be any disk in S 2 which is conformal to the unit disk D ⊂ R 2 and we note that the above results imply that we can apply Proposition 3.6 to conclude the strong convergence on B. Altogether, this yields a contradiction to (4.5) and finishes the proof of the first step.
In the second step we show that there exists a constant C > 0 such that
where we used that a Möbius transformation of a standard immersion of a round sphere is again a standard immersion of the round sphere. Without loss of generality we can assume that σ = I 0 =: I, (I • f ) ∩ B 1 (0) = / 0 and μ I•f (S 2 ) = 1. Defining g = I • f and g 0 = I • f round , we see that the estimate (4.6) is equivalent to
with v = u + 2log|g|. Using Lemma 1.1 in [40] and the uniform bounds on the area and Willmore energy of g, we conclude for all x ∈ S 2 1 ≤ |g|(x) ≤ C.
Moreover, for δ small enough, we also get for all x ∈ S 2
Now standard calculations show the pointwise estimates
Combining all these estimates and using that g, g 0 ∈ W 2,2 (S 2 , R n ) proves (4.6).
Next we extend the previous result to the case of surfaces of arbitrary genus if we assume that the Willmore conjecture is true. However, in the previous theorem we used strongly the fact that the conformal structure on the sphere is unique. For tori and higher genus surfaces, the moduli space is more complicated. The following theorem, requires that we restrict the immersions to a specific conformal class. For n ≥ 3 and p ∈ N we define
Simon [40] showed that β n p is attained for p = 1 and for p ≥ 2 under the additional assumption
Later, Bauer and Kuwert [1] , showed that the above inequality is always satisfied and hence there exists a minimising Willmore surface for every genus. The (generalized) Willmore conjecture now states that this minimizer is unique modulo Möbius transformations. Moreover, it is conjectured that the minimizers are the stereographic images of the minimal surfaces in S n found by Lawson [23] . Finally we remark that Pinkall [13] and Kusner [14] showed that the Willmore energy of the stereographic images of Lawson's minimal surfaces is strictly less than 8π. In particular, by combining the above results, we have for every p ∈ N β n p < min{8π, ω n p }. In the following we assume that the Willmore conjecture is true, that is for every p ∈ N there exists a unique (up to Möbius transformations) Willmore immersion f p : Σ p → R n with genus(Σ p ) = p and W(f p ) = β n p . THEOREM 4.2. Let p ∈ N and let Σ be a smooth Riemann surface of genus p for which there exists a smooth conformal diffeomorphism φ : Σ p → Σ. There exists δ p > 0 such that for every 0 < δ < δ p and every immersion f ∈ W 2,2 conf (Σ, R n ), satisfying W(f ) ≤ β n p + δ, there exists a Möbius transformation σ : R n → R n , a constant C(δ), with C(δ) → 0 as δ → 0, and a standard immersion f p ∈ W 2,2 conf (Σ p , R n ) of the assumed minimizer Σ p of W of genus p such that
where u is the conformal factor of the conformal immersion σ • f • φ.
Proof. Since the proof is very similar to the first part of the proof of Theorem 1.2 we only sketch the main ideas. We argue by contradiction, that is we consider sequences δ k → 0, f k ∈ W 2,2 conf (Σ k , R n ) and smooth conformal diffeomorphisms
for some ε 0 > 0, all sequences of Möbius transformations σ k : R n → R n as above and all standard immersions of the assumed minimizer f p as above. Using (4.7), it follows from Theorem 5.3 and Theorem 5.5 in [15] , respectively Theorem I.1 in [37] , that f k • φ k converges in moduli space. Hence, we can apply Proposition 3.3 in order to conclude that there exists a sequence of Möbius transformationsσ k : R n → R n as in the statement of the Theorem, so thatf k :=σ k •f k •φ k converges weakly in W 2,2 to a conformal immersion f away from an at most finite set S. Since W(f ) = β n p and we assumed the validity of the Willmore conjecture we conclude that f must be a standard Willmore minimizing immersion of Σ p . The rest of the argument now follows as in the first part of the proof of Theorem 1.2.
Remark 4.3. In a recent paper [26] , Marques and Neves prove the Willmore conjecture for tori in codimension one. Together with the above theorem, this yields a quantitative rigidity result for conformal immersions of the Clifford torus in R 3 in its conformal class.
We also note that in two interesting papers, Ndiaye and Schätzle [31, 30] , showed that the Clifford torus minimizes the Willmore energy in an open neighborhood in moduli space of its conformal class.
Quantitative rigidity for spheres with a double point or a branch point.
The proof of Theorem 1.2 above is very flexible and in this subsection we will adapt it to prove similar statements corresponding to higher energy levels.
Codimension one. Let us consider an immersion
, where f has a point of multiplicity two x ∈ f (Σ) such that f −1 (x) = {p 1 ,p 2 } and p 1 = p 2 . It follows from (2.5) that W(f ) ≥ 8π. Furthermore, by the Gauss-Bonnet formula, we have that
We remark that every f ∈ W 2,2 conf (S 2 , R 3 ) with at least one point of multiplicity two such that f −1 (x) = {p 1 ,p 2 } and which satisfies W(f ) = 8π is a standard immersion of an inverted catenoid. Indeed, inverting the surface at the double point gives us a minimal surface with two ends, which is C ∞ away from the inverted points. Hence this shows that the immersion must be an inversion of the catenoid by (2.5), (2.6) and Theorem 2.4.
In the following theorem we show that there is a rigidity result associated to such a lower energy bound in codimension one. THEOREM 1.3. There exists δ cat = δ 0 > 0 such that for every 0 < δ < δ 0 and every immersion f ∈ W 2,2 conf (S 2 , R 3 ) with conformal factor u which has exactly one point of multiplicity two
Proof. We prove this estimate by contradiction. Let us assume that there exists a sequence δ k → 0 and a sequence of immersions f k ∈ W 2,2 conf (S 2 , R 3 ) which have a point of multiplicity two x k ∈ f k (S 2 ) such that f −1 k (x k ) = {p 1,k ,p 2,k } and which satisfies 24π ≤
for some ε 0 > 0, all sequences of Möbius transformations σ k , all sequences of reparametrizations φ k and all standard immersions f cat of an inverted catenoid.
Here v k is the conformal factor of σ k • f k • φ k . Using the Gauss-Bonnet formula once more, we conclude
Applying Proposition 3.3 gives the existence of a finite set S ⊂ S 2 and a sequence of Möbius transformationsσ k : R n → R n so thatf k :=σ k • f k converges weakly in W 2,2 loc (S 2 \S, R 3 ) tof ∈ W 2,2 loc (S 2 \S, R 3 ). Note thatf k still has a double point y k ∈f k (S 2 ).
Next we show that there exists another sequence of Möbius transformations σ k and a sequence of reparametrizations φ k , so thatf k :=σ k •f k • φ k converges weakly in W 2,2 loc away from at most finitely many points to a possibly branched conformal immersion f which has a point of multiplicity two. By choosing an appropriate reparametrization we can assume thatf −1 k (y k ) = {N, S}. Inverting the image surfacef k (S 2 ) at y k and noting that S 2 \{N, S} is conformal to a cylinder R × S 1 , we get a sequence h k of W 2,2 -conformal immersions from the cylinder to R 3 with two ends. Now, for each k, we consider the length of the image of the curves C v := {v} × S 1 and we note that it follows from the isoperimetric inequality in Theorem 5.2 in [24] that the length of h k (C v ) tends to infinity as v → ±∞. Moreover, using Corollary 4.2.5 in [29] , this implies that also the extrinsic diameter of h k (C v ) tends to infinity as v → ±∞. Hence we conclude that inf v∈R diam(h k (C v )) > 0. After performing a translation and dilation, we may therefore assume that diam(h k (C v )) ≥ diam(h k (C v k )) = 1 and 0 ∈ h k (C v k ). Next, we argue as in the proof of Theorem 5.3 in [15] , and we conclude that there exists an inversion I x 0 so that I x 0 • h k converges locally weakly in W 2,2 (S 2 \S, R n ) to a branched conformal immersion f with a double point.
These arguments, combined with (2.5), yield
Next we will show that S = / 0. Recall that S is defined by
where α is the limit of μĝ k |Â k | 2 as a Radon measure. Now applying the Gauss-Bonnet formula (2.3) we get that Since f has at least one point of multiplicity two we conclude from (2.6) that
Combining the last two estimates shows that
Note that by Theorem 3.1 in [15] we have m(p) ≥ 1 for all p ∈ S. We assume that S = / 0. Then we conclude from the above estimate that S consists of either one point p with m(p) = 2, or one point p with m(p) = 1 or two points p, q with m(p) = m(q) = 1.
The first possibility is ruled out by (2.5), since we know that W(f ) = 8π. In order to rule out the second case, we note that (4.12) implies in this situation
Using the definition of S and recalling that lim k→∞ S 2 |Ã k | 2 dμ k → 24π we get the contradiction
We argue similarly in the third case in order to get the contradiction
Hence we must have that S = / 0. In particular, this implies that the point of multiplicity two 0 ∈ f (S 2 ) corresponds to two points {p, q} = f −1 (0) with p = q and m(p) = m(q) = 0.
Combining all the above facts we use (2.6) and Theorem 2.4 in order to conclude that f must be a standard immersion of an inverted catenoid. Furthermore we have that S 2 |A| 2 dμ = 24π. This shows that
and hence we can then apply Proposition 3.6 to conclude that the immersionsf k do not only converge weakly to an immersion of the inverted catenoid, but in fact they converge strongly in the weighted W 2,2 (S 2 , R 3 )-norm, which yields a contradiction.
We prove a similar theorem for an inverted Enneper's minimal surface. Let us consider an immersion f ∈ W 2,2 conf,br (S 2 , R 3 ) which has exactly one branch point p of branch order m(p) = 2. For such a surface we have that W(f ) ≥ 12π by (2.5) .
The existence of a point p with m(p) = 2 also implies the bound S 2 |A| 2 dμ ≥ 24π by (2.6) . However, applying the Gauss-Bonnet formula (2.3), we even get
Furthermore note that a W 2,2 immersion of the sphere that has exactly one branch point of branch order two and satisfies W = 12π, after inversion at the branch point, is a minimal surface with an end of multiplicity three and hence is C ∞ away from the branch point. This shows that the immersion is an inversion of Enneper's minimal surface by (2.5), (2.6) and Theorem 2.4. THEOREM 1.4. There exists δ Enn = δ 0 > 0 such that for every 0 < δ < δ 0 and every immersion f ∈ W 2,2 conf,br (S 2 , R 3 ) with conformal factor u where f has exactly one branch point p ∈ S 2 of branch order m(p) = 2, and which satisfies 32π ≤ S 2 |A| 2 dμ ≤ 32π + δ then there exists a Möbius transformation σ : R n → R n , a reparametrization φ :
Proof. We prove the theorem by contradiction. Let us assume that there exists a sequence δ k → 0 and a sequence of immersions f k ∈ W 2,2 conf,br (S 2 , R 3 ) such that f k has exactly one branch point p k of branch order m(p k ) = 2 and satisfies 32π ≤
for some ε 0 > 0, all sequences of Möbius transformations σ k : R n → R n , all sequences of reparametrizations φ k and all standard immersions f Enn of an inverted Enneper's minimal surface.
Furthermore, as a consequence of the Gauss-Bonnet formula (2.3) we have that
Hence we can apply Theorem 3.5 to get that there exists a sequence of Möbius transformsσ k : R 3 → R 3 , a sequence of reparametrizationsφ k and a finite set S ⊂ Σ so thatf k :=σ k • f k •φ k converges weakly in W 2,2 (S 2 \({p} ∪ S), R 3 ) (where p = lim k→∞ p k ) to a branched conformal immersion f ∈ W 2,2 conf,loc (S 2 \({p} ∪ S), R 3 ) which has at least one branch point of branch order 2. From the weak lower semi-continuity and the conformal invariance of the energy we conclude W(f ) ≤ 12π. On the other hand, using the fact that we have at least one point of multiplicity three, we get
Next we apply the Gauss-Bonnet formula (2.3) to get that
As m(p) = 2 we have that S 2 |A| 2 dμ ≥ 24π by (2.6) . So we see that either S = / 0 or p i ∈S m(p i ) = 1, 2. Hence we have the following possibilities
Case 1. In this case f has exactly one branch point p with m(p) = 2, W(f ) = 12π, S 2 |A| 2 dμ = 32π and hence, using (2.5), (2.6) and Theorem 2.4, we conclude that f must be a standard immersion of an inversion of Enneper's minimal surface. As 32π = S 2 |A| 2 dμ = lim k→∞ S 2 |Ã k | 2 dμ k we conclude that p can not be an energy concentration point and therefore the results of Section 3 yield a contradiction to (4.15).
Case 2. Note that S = {q | α({q}) ≥ 8π} where α is the limit measure of μ k |Ã k | 2 and hence we get the contradiction
This shows that Case 2 can not occur.
Case 3. As in Case 2 we obtain the following contradiction
Case 4. In this case we have a single branch point p 1 ∈ S of branch order m(p 1 ) = 2. In particular note that
and hence we have that α(p 1 ) = 8π. Therefore we conclude that there exists a disk B r (p 1 ) ⊂ S 2 such that lim k→∞ B r (p 1 )
Hence the surface loses exactly 8π of total curvature at the point p 1 ∈ S 2 . Using local conformal coordinates we can actually assume that
Using a convergence result of Li, Luo and Tang [25] , the second author showed in [34] , Theorem 1.1, that in this situation there exists a sequence of Möbius transformationsσ k , consisting of rescalings and translations, and a sequence of reparametrizationsφ k , so thatf k :=σ k •f k •φ k converges locally weakly in W 2,2 loc (R 2 , R 3 ) to Enneper's minimal surface. More precisely, the sequence of Möbius transformations is obtained by performing a suitable blow-up around a sequence of points p 1,k ∈ D 1 (p 1 ) with a sequence of radii r k , for which one has
where τ > 0 is a given number.
By a result of Kuwert-Li [15] (see also [17] ) there exists a ball B 1 (x 0 ) ⊂ R 3 such thatf k (R 2 ) ∩ B 1 (x 0 ) = / 0 for all k ∈ N. Therefore we conclude that the sequence f k := I x 0 •f k converges weakly in W 2,2 (S 2 \S, R 3 ) to a standard inversion of Enneper's minimal surface. Note that there are no energy concentration points for the sequence f k by our initial convergence result, the blow-up procedure and the fact that
From the results of Section 3 we conclude that I x 0 •f k converges strongly in W 2,2 (S 2 , R 3 ) to a standard inversion of Enneper's minimal surface. But this contradicts (4.15) and completes the proof of the theorem.
Higher codimensions.
For higher codimensions we have a result similar to Theorem 1.4 but at a lower energy level and with Enneper's minimal surface replaced by Chen's minimal graph. THEOREM 4.4. There exists δ Chen = δ 0 > 0 such that for every 0 < δ < δ 0 and every immersion f ∈ W 2,2 conf,br (S 2 , R n ) with conformal factor u, n ≥ 4, where f has exactly one branch point of branch order m(p) = 1, p ∈ S 2 and satisfies 20π ≤ S 2 |A| 2 dμ ≤ 20π + δ, then there exists a Möbius transformation σ : R n → R n , a reparametrization φ : S 2 → S 2 , a constant C(δ), with C(δ) → 0 as δ → 0, and a standard immersion f Chen ∈ W 2,2 conf,br (S 2 , R n ) of an inverted Chen's minimal graph with
Proof. Again, we show this result by contradiction and we assume that there exists a sequence δ k → 0, a sequence of immersions f k ∈ W 2,2 conf,br (S 2 , R n ) such that each f k has a branch point p k of branch order m(p k ) = 1 and satisfies 20π ≤
for some ε 0 > 0, every sequence of Möbius transformations σ k : R n → R n , ever sequence of reparametrizations φ k and every standard immersion f Chen of an inverted Chen's minimal graph. Furthermore, as a consequence of the Gauss-Bonnet formula we have that
where we used that 1 2 S 2 K k dμ k = π(χ(S 2 ) + m(p k )) = 3π by (2.3). By Theorem 3.5 there exists a sequence of Möbius transformsσ k : R n → R n , a sequence of reparametrizationsφ k and a finite set S ⊂ S 2 so thatf k :=σ k • f k •φ k converges weakly in W 2,2 (S 2 \({p} ∪ S), R n ) to a conformal immersion f ∈ W 2,2 loc (S 2 \({p} ∪ S), R n ) with at least one branch point of order 1. From the weak lower semi-continuity, the conformal invariance of the energy and the fact that f has a point of multiplicity two, we get that W(f ) = 8π. We let p = lim k→∞ p k be the branch point of branch order m(p) = 1 of f .
Furthermore, note that f completes as a branched immersion over S 2 \({p} ∪ S) and we have the estimate
Hence, by the Gauss-Bonnet theorem (2.3), we have that
As 16π ≤ S 2 |A| 2 dμ by (2.6), we must have that
Therefore we have two cases, either S = / 0 or S = {p 1 }, p 1 = p and m(p 1 ) = 1.
Case 1. S = / 0. In this case we have that S 2 |A| 2 dμ = 20π, W(f ) = 8π and m(p) = 1. Inverting the surface at f (p) gives a minimal surface with total curvature equal to 4π, which then must be Chen's minimal graph by Theorem 2.5. Arguing as in Case 1 of the proof of Theorem 1.4 we get a contradiction to (4.18).
Case 2. S = {p 1 } with m(p 1 ) = 1. Arguing similar to Case 4 in the proof of Theorem 1.4 we conclude that α(p 1 ) = 4π. Hence we can apply once more Theorem 1.1 from [34] and conclude that after performing a blow-up, the sequence of immersions converges to Chen's minimal graph.
Then we repeat the same argument as in Case 4 of the proof of Theorem 1.4 in order to get that after composing the sequence of blow-up immersions with a suitable inversion, the new sequence converges strongly in W 2,2 (S 2 , R n ) to a standard inversion of Chen's minimal graph, contradicting (4.18).
Quantitative rigidity for complete surfaces with finite total curvature.
In this section we use the rigidity results from Section 4 in order to prove quantitative rigidity results associated to Theorem 1.5. We start with the case of codimension one. THEOREM 5.1. Let f : Σ → R 3 be a complete, connected, non-compact surface immersed into R 3 . Assume that
where δ < δ 0 = min{δ cat ,δ Enn , 8π, 4(β 3 1 − 4π)} and δ cat ,δ Enn are given by Theorems 1.3 and 1.4 . Then either f is a conformal immersion of a plane embedded in R 3 or, after composition with an inversion I x , x / ∈ f (Σ), the surface I x • f is W 2,2 close to an inversion of a catenoid or Enneper's minimal surface, modulo Möbius transformations and reparametrizations.
Remark 5.2. Note that by the recent proof of the Willmore conjecture [26] we have 4(β 3 1 − 4π) > 8π.
Proof. We note that the equation K = 1 2 H 2 − 1 2 |A| 2 implies |K| ≤ 1 2 |A| 2 and therefore
Since δ < 8π a result of White [42] yields Σ Kdμ = 0, ±4π.
As Σ is complete non-compact we must have Σ Kdμ ∈ {0, −4π}.
Case 1. Σ Kdμ = 0. By the Gauss-Bonnet formula for complete non-compact surfaces of finite total curvature (see (2. 3)) we conclude
where k(a i ) + 1 is the multiplicity of the end a i . Using this formula we see that the only choice is that Σ is homeomorphic to S 2 \{a} and k(a) = 0. Hence f : Σ → R 3 is the immersion of a plane with an end of multiplicity one.
Since Σ Kdμ = 0 we also get
As δ < 8π, we see that W(f ) < 4π, which shows that f : Σ → R 3 must be an embedding by (2.5).
Proof. Using again the estimate |K| ≤ 1 2 |A| 2 we conclude
Hence as δ < 4π and f : Σ → R n ,n ≥ 4 is complete non-compact, a theorem of White [42] implies Σ Kdμ = 0, −2π.
Case 1. Σ Kdμ = 0. By the Gauss-Bonnet formula (2.3) we have
(k(a i ) + 1) .
Hence we must have that Σ is homeomorphic to S 2 \{a} and k(a) = 0 that is a is an end of multiplicity one. In particular this shows that f : Σ → R n is conformal to a plane. Furthermore, we have
and therefore f : Σ → R n must be an embedding.
Case 2. Σ Kdμ = −2π. Note that in this case we must have the lower bound Σ |A| 2 dμ ≥ 4π by Theorem 1.5. Furthermore, applying the Gauss-Bonnet formula once more, we conclude
(k(a i ) + 1) and the only possibility is that Σ is homeomorphic to S 2 \{a} with k(a) = 1, that is a is an end of multiplicity two. Therefore we may invert the surface at a point x ∈ R n ,x ∈ f (Σ), and we denote the resulting immersion byf = I x • f : S 2 → R n . f is a W 2,2 branched conformal immersion of the sphere with exactly one branch point of branch order one and which satisfies 20π ≤ Σ |Ã| 2 dμ ≤ 20π + δ.
As δ < δ Chen we have that by Theorem 4.4f is W 2,2 close to an inverted Chen's minimal graph, up to a Möbius transformation and a reparametrization.
